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We study the local antisymmetric spin-orbit (ASO) coupling effect on spin, orbital, and charge degrees
of freedom for the Kondo effect in a triangular triple quantum dot (TTQD). Here, one of the three QDs
is coupled to a metallic lead through electron tunneling, and a local electric polarization is induced by the
Kondo effect. The ASO interaction is introduced in the other two coupled QDs on the opposite side of the
lead. Generally, the ASO coupling effect is very weak and not easily detectable, but it essentially causes spin
and charge reconfigurations in the TTQD through the Kondo effect. Using an extended Anderson model
for the TTQD Kondo system, we elucidate that the ASO coupling gives rise to a considerable reduction
of the emergent electric polarization, as a consequence of the parity mixing of molecular orbitals in the
triangular loop as well as the spin-up and spin-down coupling of local electrons. The latter leads to a local
diamagnetic susceptibility owing to the ASO coupled spins. We also show that the Kondo-induced electric
polarization can be controlled by the ASO coupling as well as by the magnetic flux penetrating through
the TTQD.
1. Introduction
The Kondo effect is a strongly correlated quantum
phenomenon originating from a local spin coupled to
conduction electrons antiferromagnetically owing to the
strong repulsion between localized electrons in atomic or-
bitals.1) The low-temperature physics is well explained
by the Fermi liquid picture, in which the local spin is
completely screened by the conduction electrons through
the formation of a spin singlet called the Kondo singlet.
The Kondo physics has been extensively studied in a
wide range of fields from d- or f -electron impurities em-
bedded in bulk materials2, 3) to artificial atomic systems
with metallic lead contacts such as quantum dot (QD)
or magnetic molecular devices.4–9) In particular, much
attention has been paid to rich Kondo phenomena asso-
ciated with coupled spin clusters or fabricated quantum
devices, for instance, the transport properties between
leads through a double4, 6, 10–15) or triple QD.16–20)
As a different context, several theoretical studies have
recently investigated the Kondo effect for a single im-
purity in two-dimensional electron gas with the Rashba
spin-orbit (SO) coupling.21–26) The Rashba coupling
is one of the antisymmetric spin-orbit (ASO) interac-
tions and has attracted much attention from numer-
ous researchers of bulk systems, such as the spintron-
ics in semiconductors,27, 28) topological insulators,29, 30)
and non-centrosymmetric superconductors.31) For the
Rashba Kondo system, it has been found that the low-
temperature physics meets the Fermi liquid picture as
described by the conventional Kondo model, although
the Kondo temperature can be considerably increased
in certain situations for a relatively strong coupling of
the Rashba SO interaction.26) All the above studies de-
voted themselves to the SO coupling effects on itinerant
or band electrons.
On the nanoscale, an ASO coupling also arises in cou-
pled atoms with different-parity orbitals when the inver-
sion symmetry is absent. Let us consider the transfer of
tight-binding electrons between two atoms through the
overlap of localized orbitals. Owing to the absence of
the inversion symmetry, a local electric field gives rise to
the mixing of intraatomic even- and odd-parity orbitals,
leading to an effective spin and orbital exchange inter-
action on the electron hopping between the two sites.32)
The orbital exchange occurs between symmetric-bonding
and antisymmetric-bonding states of the coupled atoms,
which resembles the antisymmetric k dependence of the
ASO interactions in bulk systems, where k is the wave
vector of an itinerant electron. It is expected that this
ASO interaction plays an important role in the parity
mixing of degenerate molecular orbitals in coupled mag-
netic impurities such as a triangular triple quantum dot
(TTQD).
For the last decade, the TTQD has been experimen-
tally realized in AlGaAs/GaAs heterostructures33–37)
and self-assembled InAs systems.38) The recent devel-
opment of a fabrication technique has stimulated theo-
retical investigations of various TTQD Kondo systems
because of the high potentiality for versatile quantum
devices.39–51) The tunable parameters in the TTQD are
interdot electron-hopping matrix elements and intradot
orbital energy levels used as a standard theoretical setup.
The electron occupation number at each dot changes
with the depth of the orbital energy relative to the
Coulomb coupling. In particular, in a half-filled case,
the three-site spins are coupled antiferromagnetically ow-
ing to the superexchange process between two sites with
opposite spins. This spin frustration competes with the
1
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Kondo effect and leads to a quantum transition asso-
ciated with the stabilization or destabilization of Kondo
singlet formation, which was investigated for several con-
figurations of dot-lead contacts.42–44, 47, 48, 50) The loop
structure of the TTQD also gives rise to interference ef-
fects such as the Aharonov–Bohm (AB) effect,10, 52–56)
where a magnetic flux penetrating through the loop af-
fects the molecular orbitals of the TTQD and modi-
fies the Kondo behavior in the absence of a magnetic
field.39, 43) However, most of the theoretical studies have
mainly focused on the conductance through the TTQD
as an observable and controllable physical quantity.
As mentioned above, the parity mixing of molecular
orbitals is another important feature of the closed loop
of the TTQD.57, 58) The charge number at each site is
closely correlated with the three-site spin configuration,
and the deviation of charge depends on the third order
of the intersite electron hopping parameter.59) In this
paper, we consider the local ASO coupling as a source
of orbital-parity mixing and demonstrate how the parity
mixing affects the electric polarization induced by the
Kondo effect, as illustrated in Fig. 1 (the details are de-
scribed in Sect. 3). The ASO interaction can be realized
in the absence of the inversion symmetry related to the
two-dimensionality of triangular arrangements of atoms
or QDs. Generally, the orbital-parity mixing is not de-
tectable since the bare value of the local ASO coupling
is rather small. However, this ASO coupling affects the
Kondo screening process in an essential way. When the
ASO interaction is absent, the Kondo-induced electric
polarization (KIEP) is generated by one of two different-
parity orbitals of the TTQD strongly coupled to lead
electrons in the Kondo singlet formation. For a finite
ASO coupling, the other orbital also participates in the
Kondo singlet and gives rise to a considerable reduction
of the emergent electric polarization. Since these orbitals
are coupled with spins, the local spin susceptibility ex-
hibits a unique ASO coupling dependence. This is dif-
ferent from another orbital-mixing effect on the KIEP
associated with the AB effect, which has been reported
in our recent paper.60) Here, we also compare the con-
trol of the electric polarization via the ASO coupling and
magnetic flux to elucidate a common feature of the parity
mixing of molecular orbitals in the TTQD.
This paper is organized as follows. In Sect. 2, the local
ASO interaction is described in the case of coupled QD
sites, and an essential role of the ASO coupling is demon-
strated by a two-site Hubbard model. In Sect. 3, an ex-
tended Anderson model for the TTQD is given, which is
used to investigate the interplay between the ASO cou-
pling and Kondo effects on the emergent electric polar-
ization, i.e., KIEP. In Sect. 4, the KIEP and local spin
susceptibility are calculated as a function of a parity-
mixing parameter corresponding to the ASO coupling
using Wilson’s numerical renormalization group (NRG)
method.61–63) For comparison, a similar parity-mixing
effect is also shown in the presence of a magnetic flux
through the triangular loop as a different context. The
summary and concluding remarks are given in the last
section. In Appendix A, a derivation of the local ASO
interaction is shown by analogy with atomic states. In
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Fig. 1. (Color online) Illustration of the TTQD Kondo system.
When the ASO coupling (λA = γt) is absent, the Kondo singlet is
realized at the top site (labeled a in the model), which is accom-
panied by a dimerized spin singlet at the bottom (b-c bond in the
model). This spin reconfiguration induces charge redistribution in
the TTQD and electric polarization (KIEP) at low temperatures
(represented by the arrow at the center of the triangle). The local
ASO coupling introduced in the b-c bond causes an effective spin
and orbital exchange as well as parity mixing of the E± molecu-
lar orbitals, which leads to a considerable reduction of the electric
polarization for a small Kondo coupling strength. Simultaneously,
equal-spin states with Sz = ±1 are mixed with the b-c singlet in
the ground state and this mixing weight is increased by the ASO
coupling.
Appendix B, the lowest-energy states of a TTQD are
described in a half-filled case of a three-site Hubbard
model, which is used to explain the ASO coupling effect
on KIEP in Sect. 4. Appendix C gives a brief review of
the magnetic flux effect on an isolated TTQD.
2. Local Antisymmetric Spin-Orbit Interaction
First, we consider an ASO interaction between two
sites labeled 1 and 2 as expressed by the following Hamil-
tonian:
Hso(1, 2) = λA(d
†
1↑d2↓ − d†2↑d1↓ − d†1↓d2↑ + d†2↓d1↑), (1)
where d†iσ (diσ) is a creation (annihilation) operator for
a localized electron at the ith site with spin σ (=↑, ↓)
and λA is a coupling constant. This local interaction
can be derived by onsite and intersite hybridizations be-
tween different-parity atomic orbitals in addition to an
onsite SO interaction between degenerate orbitals.64) As
described in Appendix A, it becomes relevant for mul-
tiorbital electron systems in the absence of the inver-
sion symmetry, which resembles the ASO interactions of
band electrons in two-dimensional systems. For simplic-
ity, we have assumed that the two sites are aligned in
the x direction and the intersite orbital-parity mixing
is owing to a deviation from the inversion symmetry in
the z direction. In the two-site electron system, we de-
fine the even-parity (symmetric-bonding) and odd-parity
(antisymmetric-bonding) orbital electrons with new op-
2
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erators as
d†eσ =
d†1σ + d
†
2σ√
2
, d†oσ =
d†1σ − d†2σ√
2
, (2)
respectively, since they are transformed as d†eσ → d†eσ and
d†oσ → −d†oσ with respect to the interchange of the site
indices 1↔ 2. Using the orbital basis in Eq. (2), Eq. (1)
is rewritten as
Hso = λA(−d†e↑do↓ + d†o↑de↓ + d†e↓do↑ − d†o↓de↑). (3)
Using pseudospin components τ =↑ and τ =↓ for the or-
bital indices ’e’ and ’o’, respectively, the spin and orbital
exchange in Eq. (3) is simplified to
Hso = λA
∑
ττ ′σσ′
d†τσ (τy)ττ ′ (σy)σσ′ dτ ′σ′ , (4)
where σy and τy are the y components of the Pauli matri-
ces. The τyσy interaction does not conserve the z compo-
nent of composite spins of the two-site electrons. Instead,
the spin and orbitally coupled states are classified by
ηz =
N∏
n=1
(τzσz)n = ±1 (5)
for N electrons, and each (τzσz)n takes a value of either
+1 or −1 for the nth electron state with τ, σ =↑, ↓.65)
We categorize the vacuum state into ηz = +1.
Let us demonstrate how different spin states of elec-
trons are coupled via the ASO interaction using the two-
site Hubbard model
Hdimer = U(n1↑n1↓ + n2↑n2↓)
− t
∑
σ
(d†1σd2σ + d
†
2σd1σ) +Hso(1, 2), (6)
where niσ (≡ d†iσdiσ) represents the number of ith-site
electrons with σ, U (> 0) is the Coulomb coupling, and t
(> 0) is the electron-hopping matrix element between the
two sites. At half-filling, we consider the lowest-energy
state for t/U ≪ 1 dominated by the following spin-singlet
state:
|φS〉 = 1√
2
(d†1↑d
†
2↓ − d†1↓d†2↑)|0〉, (7)
where |0〉 represents a vacuum state. This is combined
with the doubly occupied state
|φD〉 = 1√
2
(d†1↑d
†
1↓ + d
†
2↑d
†
2↓)|0〉 (8)
through the transition matrix element 〈φD|Hdimer|φS〉 =
−2t. Both states are categorized into the ηz = −1 type.
Indeed, their orbital-basis wave functions are given as
|φS〉 = 1√
2
(d†e↑d
†
e↓ − d†o↑d†o↓)|0〉,
|φD〉 = 1√
2
(d†e↑d
†
e↓ + d
†
o↑d
†
o↓)|0〉. (9)
One can find that the doubly occupied (e, ↑) and (e,
↓) electron states lead to ηz = (τzσz)e↑ × (τzσz)e↓ =
(+1) × (−1) = −1. The same algebra is also applied to
(o, ↓) with τzσz = +1 and (o, ↑) with τzσz = −1. When
λA is finite, |φD〉 is coupled to an equal-spin state (y
component of a spin-triplet state) with ηz = −1,
− i|φTy 〉 =
1√
2
(d†1↑d
†
2↑ + d
†
1↓d
†
2↓)|0〉
=
1√
2
(d†o↑d
†
e↑ + d
†
o↓d
†
e↓)|0〉, (10)
through i〈φTy |Hdimer|φD〉 = −λA. On the basis of the
above three states, the diagonal matrix elements of
Hdimer are as follows:
〈φS|Hdimer|φS〉 = 〈φTy |Hdimer|φTy 〉 = 0,
〈φD|Hdimer|φD〉 = U. (11)
After diagonalizing the 3×3 matrix of Hdimer, we obtain
the lowest-energy state
|ψg〉 ≃ 1− δ√
1 + γ2
|φS〉+ 2t¯
√
1 + γ2|φD〉
+
γ(1− δ)√
1 + γ2
(−i)|φTy 〉, (12)
which is solved up to the second order of t¯ (≡ t/U), where
γ (≡ λA/t) is used and δ = 2t¯2(1+γ2). Thus, the different
spin states |φS〉 with Sz = 0 and −i|φTy 〉 with Sz =
±1 are coupled to each other by the ASO interaction
through |φD〉. As a consequence, the vector spin chirality
〈ψg|(S1 × S2)y|ψg〉 ≃ γ/(1 + γ2) is generated, where Si
(i = 1, 2) is the spin operator (S ≡ σ/2) at the ith
site.66) This is closely related to the emergent electric
polarization due to the mixing of different-parity orbitals
in the absence of the inversion symmetry.67)
For the later calculation, we also show the roles of the
ASO coupling in a half-filled three-site Hubbard model
for the strong Coulomb coupling t¯ ≪ 1 in Appendix B.
As in the above two-site case, the ASO coupled spins
generate a vector spin chirality perpendicular to the axis
along which the two spins are aligned.
3. Model
To elucidate the role of the ASO interaction in strongly
correlated electron systems, we study the Kondo effect
in the TTQD, where one of the three sites is connected
to a metallic lead through electron tunneling. In such an
artificial molecule, spin and charge reconfigurations are
generated by the Kondo effect. This nanoscale magneto-
electric effect can be controlled by an intersite ASO in-
teraction in the spin cluster if the ASO coupling strength
is tunable. For instance, the coupling constant λA in
Eq. (1), namely, γ in Eq. (A·14), depends on the on-
site and intersite orbital-parity mixing Vz and tsp, re-
spectively. The former is associated with the absence of
the inversion symmetry that induces a local electric field
in the z direction,64) which can be fine-tuned by gate-
voltage control in nanoscale devices. Here, we introduce
the ASO interaction in only one bond of the TTQD on
the opposite side of the lead, which breaks the equiva-
lency of the three QDs. However, point-group represen-
tations of the triangular symmetry are still useful for
classifying local electron states of the TTQD. As a ma-
jor advantage of this simplification, we can demonstrate
more clearly the interplay between the ASO coupling
3
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and Kondo effects through the different-parity mixing
of molecular orbitals in the TTQD, since the local ASO
interaction does not affect the Kondo effect directly and
can be regarded as a moderate perturbation.
We investigate the above ASO coupling effect using an
extended Anderson model Hamiltonian that consists of
three terms, H = Hd+Hl+Hl−d, for the TTQD, the ki-
netic energy of lead electrons, and the electron tunneling,
respectively. The first term is represented by the follow-
ing Hubbard-type model frequently used for the TTQD:
Hd = −t
∑
i6=j
∑
σ
d†iσdjσ +
∑
i
(
εd +
U
2
)
ni
+
U
2
∑
i
(ni − 1)2 +Hso(b, c) (i, j = a, b, c). (13)
Here, the three sites are identical, except for the pres-
ence of the ASO interaction in Eq. (1) between the b-
and c-sites. The onsite electron number ni (≡ ni↑ + ni↓)
depends on the depth of the local orbital energy εd (< 0).
Here, we choose the symmetric condition εd = −U/2 that
favors single-electron occupation at each site and gener-
ates a local spin. In the lead-electron term
Hl =
∑
kσ
εkc
†
kσckσ, (14)
the creation (annihilation) of conduction electrons is rep-
resented by c†
k
(ck) with the wave number k and spin σ.
We consider the electron tunneling between one of the
three sites (a-site) and the lead (hybridization between
the a-site orbital and a conduction band) as
Hl−d =
∑
kσ
(vkd
†
aσckσ + h.c.), (15)
where vk is related to the level broadening of Γ ≡ piρ|vk|2
(ρ is the density of electron states at the Fermi energy),
which is considered as a constant. As mentioned in the
previous section, the total Sz is not conserved by the
ASO interaction. Instead, the even or odd symmetry in
terms of ηz = ±1 in Eq. (5) is useful for classification
of the spin and orbitally coupled states. Since the lead
is only connected to the a-site, the relevant conduction
electrons belong to the same τzσz types of a-site elec-
trons, namely,
c†
k↑ → τzσz = +1, c†k↓ → τzσz = −1. (16)
In the present study, we calculate the electric polar-
ization in the triangular cluster defined as
δn =
1
3
(2〈na〉 − 〈nb〉 − 〈nc〉)
=
1
3
(2〈na〉 − 〈ne〉 − 〈no〉), (17)
where 〈· · · 〉 represents the expectation value. The elec-
tron number in the even-parity orbital (ne) or odd-parity
orbital (no) is defined as nτ =
∑
σ d
†
τσdτσ (τ = e,o),
where d†eσ = (d
†
b,σ+d
†
c,σ)/
√
2 and d†oσ = (d
†
b,σ−d†c,σ)/
√
2.
For the isolated TTQD (Γ = 0), each of the lowest-energy
states in Eq. (B·9) gives the opposite expectation value
to the corresponding electric polarization operator rep-
resented by δnˆ = (2na − nb − nc)/3 as57, 59)
〈ψE+σ |δnˆ|ψE+σ 〉 = −〈ψE−σ |δnˆ|ψE−σ 〉 = 12
(
t
U
)3
. (18)
The E± degeneracy causes cancellation of the net electric
polarization and leads to δn = 0. Thus, the appearance
of a finite δn is associated with the energy difference
between the E± states. For a finite γ, the opposite-spin
state |ψE−−σ 〉 is coupled to |ψE+σ 〉. When the E+ state is
considerably lowered in energy by the Kondo effect, the
A− states with the same ηz also participate in the lowest-
energy state together with the E− state as in Eq. (B·11).
A schematic picture of the spin configuration is given in
Fig. 1. It is expected that this ASO interaction affects the
emergence of δn and gives rise to a spin reconfiguration
in the TTQD, the details of which are shown by the NRG
analysis in the next section.
In the NRG calculation, the logarithmic discretization
parameter Λ = 3 is used for the conduction band, the
half width of which is chosen as the energy unit.61, 62)
The physical temperature T is also measured in terms of
this unit. Here, the NRG results are shown for a strong
Coulomb coupling that is fixed at U = 0.9. At each renor-
malization step, about 2000 low-lying states are retained.
All wave functions are classified using ηz = ±1 in Eq. (5)
for arbitrary electron numbers N in the lead plus the
TTQD.
4. Results
4.1 Local electric polarization and magnetic susceptibil-
ity
In the previous study, we showed the KIEP in the ab-
sence of the ASO interaction (γ = 0).57) As the temper-
ature T is decreased, δn in Eq. (17) exhibits an abrupt
increase and reaches a constant value δn∗ at low T . The
saturation value δn∗ mainly depends on t/U and mono-
tonically increases with decreasing the Kondo coupling
strength Γ/U . As Γ/U approaches zero, δn∗ increases
up to a maximum of 12(t/U)3 for t/U ≪ 1, which corre-
sponds to 〈ψE+σ |δnˆ|ψE+σ 〉 at Γ→ 0 in Eq. (18), indicating
that |ψE+σ 〉 is stabilized by the Kondo effect.
Figure 2 shows the ASO coupling effect on δn∗ and
the crossover temperature Tcr. For t = 0, the latter cor-
responds to the conventional Kondo temperature in the
Kondo effect due to a single local spin. For a finite t,
the ASO coupling γ (in the unit of t) gives rise to the
spin and E± orbital mixing, leading to a reduction of Tcr.
The γ dependence of Tcr can be evaluated by a universal
fitting of the local magnetic susceptibility χ(T ) of the
TTQD for various γ values. This χ is calculated under
the assumption that the applied magnetic field is per-
pendicular to the TTQD, i.e., parallel to the threefold
axis of the triangular symmetry. The result is that the
data of χ/χ(T = 0) in Fig. 3 are unified into a universal
function of the rescaled temperature T/Tcr. This indi-
cates that the Kondo singlet is also realized at T < Tcr
for a finite ASO coupling.
The ASO coupling effect appears more significantly
in both δn∗(γ) and Tcr(γ) for a smaller Γ/U . The most
marked feature is the strong suppression of δn∗ by weak
4
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Fig. 2. (Color online) Saturation value δn∗ of the emergent elec-
tric polarization at low temperatures and crossover temperature
Tcr evaluated by the local magnetic susceptibility χ. The data nor-
malized by each γ = 0 value are plotted as a function of γ as-
sociated with the ASO coupling strength γt for t/U = 0.12 and
Γ/U = 0.0473.
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Fig. 3. (Color online) Temperature T dependence of local mag-
netic susceptibility of TTQD for various γ values of the ASO cou-
pling. The data are normalized by χ(T = 0). Here, t/U and Γ/U are
fixed at the same values as in Fig. 2. Inset: Universal χ/χ(T = 0)
as a function of T/Tcr. Here, Tcr is determined as the temperature
for χ/χ(T = 0) = 1/2.
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Fig. 4. (Color online) Local magnetic susceptibility of TTQD
at the zero temperature χ = χa + χb+c, where χa and χb+c are
the onsite susceptibilities for the a-site and the b- plus c-sites, re-
spectively. The data are normalized by the γ = 0 value χγ=0 of
the total χ and are plotted as a function of γ for t/U = 0.12 and
Γ/U = 0.0473.
Table I. Relevant TTQD orbital states in the Kondo screen-
ing process, where E+, E−, and A− are the representations of
wave functions in Eqs. (B·2), (B·3), and (B·4), respectively, and
the orbital mixing depends on the ASO coupling γ. The KIEP
δn∗ exhibits an upturn at γ = γmin (≃ 0.2 in Fig. 2). There are
three sequent γ regions characterized by δn∗ and the local mag-
netic susceptibility: (i) Only the E+ component participates in
the Kondo screening process and gives each maximum of δn∗ and
χ = χa + χb+c. (ii) The E− component gives a negative contri-
bution to δn∗, and the b-c triplet state of E− is responsible for
the diamagnetic behavior of χb+c. (iii) The mixing weight of E−
is reduced by the A− components coupled to E+ in the Kondo
singlet, leading to a gradual increase in δn∗ and decreases in |χa|
and |χb+c|.
ASO coupling Relevant orbitals for Kondo screening
(i) γ = 0 E+
(ii) 0 < γ < γmin E+ ⊕ E−
(iii) γ > γmin E+ ⊕E− ⊕A−
E± mixing for a very small γ. This indicates that |ψE−σ 〉
in Eq. (B·9) also participates in the Kondo singlet with
|ψE+−σ 〉 at low T . More precisely, the spin-up conduction
electrons couple with |ψE+↓ 〉 and |ψE−↑ 〉, while the spin-
down conduction electrons couple with |ψE+↑ 〉 and |ψE−↓ 〉.
This is a consequence of the spin and orbital coupling
classified by ηz in Eq. (5). The E+ state generates a pos-
itive electric polarization δn∗ > 0 for γ = 0. In Fig. 2,
the mixing weight of E− in the ground state increases
abruptly with γ (< 0.1), resulting in a negative con-
tribution to δn∗. On the other hand, the A− states in
Eq. (B·4) give no direct contribution to δn∗ but effec-
tively reduce the mixing weight of E− through the ASO
coupling. As this A− contribution becomes more relevant
at γ > 0.2, δn∗ shows a gradual increase with γ. Thus,
the entire γ dependence of δn∗ is explained by the orbital
symmetry mixing of E± and A− in the ground state as
summarized in Table I (also see Sect. 4.2).
In Fig. 2, Tcr shows a similar γ dependence to δn
∗, in-
dicating that the emergence of the electric polarization is
closely associated with the Kondo effect. As mentioned
above, the even-parity state |ψE+σ 〉 is only responsible for
the Kondo singlet with conduction electrons at γ = 0. For
a finite γ (< γmin ≃ 0.2), this Kondo coupling is weak-
ened effectively by the ASO interaction since the odd-
parity state |ψE−−σ 〉, which is not relevant to the Kondo
effect, also participates in Kondo singlet formation and
reduces the mixing weight of |ψE+σ 〉 in the ground state
at low T (see Table I). In the b-c bonding state at T → 0,
a spin singlet coexists with a spin triplet as clearly shown
in Fig. 4. Here, we plot χa for the a-site magnetic sus-
ceptibility and χb+c for the sum of the b- and c-site sus-
ceptibilities as a function of γ, in addition to the total
χ = χa + χb+c. For instance, let us consider that the
spin ”up” of the electron is parallel to the direction of
the applied magnetic field. In this case, the dominant
contributions to χa and χb+c are from |ψE+↑ 〉 and |ψE−↓ 〉,
respectively. We find that the local magnetization is po-
larized in space, where the antiparallel local moments
are generated at one apex (a-site) and the opposite side
(b-c bond) of the triangular cluster. On the other hand,
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Fig. 5. (Color online) Comparison of the ASO coupling effect
(left panel) with the orbital effect of a weak magnetic field (right
panel) on δn∗ as a function of γ and the magnetic flux Φ/Φ0,
respectively (Φ0 is the magnetic flux quantum). The data are for
various Γ/U values, where t/U = 0.12 is fixed.
the total χ monotonically decreases with increasing γ. At
γ ≃ 0.15, the diamagnetic χb+c exhibits an upturn and
a gradual increase with γ, indicating an increase in the
mixing weights of |φA−3/2〉 and |φ
A−
↓ 〉 in Eq. (B·4), which
are coupled to |ψE+↑ 〉 as well as |ψE−↓ 〉 in the ground state.
4.2 Analogy with magnetic flux effect on orbital-parity
mixing
For a small ASO coupling γ, the abrupt decrease in
δn∗ for a small Γ/U in Fig. 2 is well explained by
the orbital-parity mixing approximately represented by
c+|ψE+σ 〉 + c−|ψE−−σ 〉, where c± is the mixing weight of
the E± state. It is confirmed that the ratio |c−|/|c+|
considerably increases with γ since δn∗ is proportional to
|c+|2−|c−|2. The KIEP δn∗ is also sensitively dependent
on Γ/U as shown in Fig. 5 (left). The increase in Γ/U
causes the reduction of δn∗ at γ = 0, and the charge dis-
tribution becomes uniform over the three sites of the tri-
angular cluster. This indicates that the E+ state is more
dominant in the ground state, namely, |c−|/|c+| ≃ 0 for
a large Kondo coupling Γ/U . In addition, the ASO cou-
pling effect becomes irrelevant for the emergent electric
polarization even when γ is larger.
For the KIEP, there is a close analogy between the
above ASO coupling effect on the b-c bond and the mag-
netic flux effect on the orbital states in the triangular
loop. Both effects give rise to the mixing of the E± orbital
parities and lead to a similar dependence of δn∗ on the
orbital-mixing parameters: γ for the ASO coupling and
Φ/Φ0 for the magnetic flux penetrating through the tri-
angle in Fig. 5. The data of δn∗ are plotted as a function
of each parameter for comparison. Appendix C shows
the magnetic flux contribution to the wave function of
the lowest-energy state for Γ = 0. When the Kondo sin-
glet is realized at low temperatures for a finite Γ, the
E± orbital mixing for a finite Φ is expressed approxi-
mately as c+|ψE+σ 〉 + c−i|ψE−σ 〉 with the conservation of
the total spin S.60) On the other hand, the ASO cou-
pling effect generates spin-up and spin-down coupling as
c+|ψE+σ 〉+ c−|ψE−−σ 〉 in addition to the E± mixing, which
maintains the conservation of ηz = +1 or ηz = −1. Thus,
the ASO coupling γ and magnetic flux Φ effects quali-
tatively give the same contribution to δn∗ as internal
and external fields, respectively, in spite of the different
orbital-parity mixing mechanisms.
5. Summary and Concluding Remarks
We have studied the local ASO coupling effect on the
emergent electric polarization in a triangular cluster of
magnetic impurities at low temperatures, which is rele-
vant in the absence of the inversion symmetry. One of
the three local spins in the cluster (Sa) is coupled to the
lead electrons, and the ASO interaction introduced in the
other coupled (b-c bond) spins causes mixing of the even
and odd parities (symmetric and antisymmetric bond-
ing) of orbital states (E± mixing). This effect competes
with the Kondo effect and gives rise to a considerable
reduction of the KIEP δn∗ at low temperatures for a
small Kondo coupling strength Γ/U . It was also found
that the ASO coupling dependence of δn∗ is strongly
correlated with that of the crossover temperature Tcr.
The latter is an energy scale derived from a universal
function of the low-temperature dependence of the local
magnetic susceptibility. Another important result is that
the ASO-coupled spins exhibit diamagnetism owing to
an equal-spin pair in the odd-parity E− state that par-
ticipates in Kondo singlet formation as well as the even-
parity E+ state. We have also elucidated a close analogy
between the ASO coupling and magnetic flux effects on
the orbital-parity mixing as internal and external field
controls of δn∗, respectively.
Here, the ASO coupling was introduced in one bond
(b-c bond) of the TTQD on the opposite side of an apex
connected to a lead. This side effect was considered as a
kind of boundary condition for moderate control of the
effective Kondo coupling with the lead electrons. Indeed,
the ASO coupling strength is a controllable parameter re-
lated to the mixing weight of different-parity molecular
orbitals. For instance, this partially originates from a hy-
bridization between intradot orbitals with different pari-
ties such as the last term including Vz in Eq. (A·9), which
can be induced by a local electric field in the absence of
the inversion symmetry. Experimentally, the local ASO
coupling can be tuned by the gate voltage and acts as a
controllable boundary condition of such a Kondo system
with a nanostructure.
In Sect. 2, it was pointed out that the ASO-coupled
spins generate a vector spin chirality, which is closely as-
sociated with the parity mixing of the molecular orbital
symmetries (here, E+ ⊕ E− and E+ ⊕ A−) accompa-
nied by spin modulation. Recently, we have reported a
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group-theoretical study of various spin-dependent elec-
tric dipoles in the absence of the inversion symmetry,
including the relationship between the vector spin chi-
rality of the two-site spins and possible electric dipoles
induced by a magnetic field or magnetic ordering.67) As
another magnetoelectric effect, it will also be intriguing
to reveal the interplay between the KIEP δn∗ and the
vector spin chirality generated by the ASO-coupled spins
in the present model. A detailed analysis is left for a fu-
ture study.
We would also like to mention a symmetry-lowering ef-
fect on δn∗, which depends on different intersite electron-
hopping parameters tij (i, j = a, b, c; i 6= j). For the
parity-symmetric case tab = tca (fixed at t) in the ab-
sence of the ASO coupling, |φE+σ,1 〉 in Eq. (B·2) is stabi-
lized by the Kondo effect, while |φE−σ,1 〉 in Eq. (B·3) is
favored by lowering tbc from t. This competition leads to
a quantum transition from the former to the latter upon
lowering tbc. The critical point tc . t is obtained for a suf-
ficiently small Γ/U . This quantum transition was inves-
tigated in several theoretical studies as a unique feature
of the Kondo effect for a triangular loop of three mag-
netic impurities.44, 47, 48) In the present study, we have
focused on the KIEP in the equilateral TTQD, and the
result also holds for the lower-symmetry case tbc > tc.
The recent development of a scanning tunneling micro-
scope (STM) experiment has realized the manipulation
of atoms and their precise arrangement in designed con-
figurations on a surface template. Using such a fabrica-
tion technique, it is now possible to create coupled QDs
with a perfect geometric structure.68) The STM image
visualizes the charge distributions associated with the
geometry, and the parity symmetry of a wave function is
reflected in the electron density maps. In addition, STM
spectroscopy unveils quantum spin configurations in ar-
tificially coupled spin chains at the atomic scale.69–71)
Thus, it is very promising for detecting a nanoscale elec-
tric polarization correlated with local spin states, and
the confirmation of the KIEP will stimulate a new appli-
cation of the Kondo effect to spintronic and multiferroic
devices. From a different viewpoint of the experiments,
the ASO-coupling-dependent KIEP is expected to give a
relevant contribution to the linear conductance between
two leads through a single QD of the TTQD, which can
be mapped to the present Anderson model for the TTQD
with a single lead. Indeed, for a weak dot-lead contact,
the ASO coupling effect causes a considerable reduction
of the crossover temperature Tcr in Fig. 2, which corre-
sponds to the Kondo temperature. As shown in Sect. 4.2,
the ASO coupling can be considered as a magnetic flux
through the TTQD and could be chosen as a controllable
parameter for detecting an interference effect on the con-
ductance, as proposed in several theoretical studies on
QD systems with various configurations.10, 39, 52–56)
This work was supported by JSPS KAKENHI Grant
Numbers 16H01070 (J-Physics), 15H05885 (J-Physics),
26400332, and 15K05176.
Appendix A: Effective Spin-Orbit Interaction
Due to Orbital-Parity Mixing
The ASO interaction plays an important role in elec-
tron transfer between two QDs. Here, we show a sim-
ple two-site model with different intradot orbital-parity
mixing. For simplicity, we consider that even- and odd-
parity orbitals are represented by, for instance, s- and
p-orbitals, respectively, and the latter orbitals are cou-
pled to spins through the SO interaction at each site as
realized in real atoms. This atomlike assumption may be
reasonable for local electrons strongly confined in a QD
by a sort of central field, although the intradot SO cou-
pling is extremely weak as usual. For the p-orbital wave
functions, the three components |px〉, |py〉, and |pz〉 are
related to the l = 1 angular momentum states as
lz = 1 : |p+〉 = 1√
2
(−|px〉 − i|py〉), (A·1)
lz = 0 : |pz〉, (A·2)
lz = −1 : |p−〉 = 1√
2
(|px〉 − i|py〉). (A·3)
We assume that the p-orbital degeneracy is lifted by an
axial crystal field and that the pz orbital energy is much
lower than that of px and py. The local p-orbital state
with spin is described by the onsite Hamiltonian
Hp = HCEF +HLS
= ∆(npx + npy ) + λl · s, (A·4)
where ∆ (> 0) is the crystal-field energy measured from
the pz orbital energy level and npx (npy ) is the number
of px (py) electrons in the first term. In the second term,
λ (> 0) represents the SO coupling constant and
l · s = 1
2
l+s− +
1
2
l−s+ + lzsz, (A·5)
where for l± (≡ lx ± ily), the finite matrix elements of
(l±)mm′ and (lz)mm′ (m,m
′ = 0,±1 for lz) are given by
(l+)1,0 = (l+)0,−1 = (l−)0,1 = (l−)−1,0 =
√
2, (A·6)
(lz)1,1 = 1, (lz)−1,−1 = −1, (A·7)
and s (≡ σ/2) is a spin operator (s± ≡ sx ± isy). For a
small SO coupling λ≪ ∆, the lowest-energy eigenstates
of Hp are obtained as
|P,+〉 = |pz,↑〉 − λ√
2∆
|p+,↓〉,
|P,−〉 = |pz,↓〉 − λ√
2∆
|p−,↑〉, (A·8)
with the eigenenergy −λ2/(2∆).
Next, we introduce the even- and odd-parity mixing
on the basis of the s-p hybridization using the following
Hamiltonian:64)
Hs+p = Hp +Hs +Hs,pz
= Hp − Esns + Vz
∑
σ
(|s, σ〉〈pz , σ|+ h.c.), (A·9)
where the second term with −Es (< 0) represents the
energy of the s-electrons with the number operator ns,
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and Vz in the last term represents the deviation from the
inversion symmetry, namely, the hybridization strength
between s- and pz-orbitals. For a small |Vz| (≪ Es), the
lowest-energy states of Hs+p are dominated by the s-
electron, and the wave functions are obtained as
|S,+〉 = |s, ↑〉 − Vz
Es
|P,+〉
= |s, ↑〉 − Vz
Es
|pz, ↑〉+ Vzλ√
2Es∆
|p+, ↓〉,
|S,−〉 = |s, ↓〉 − Vz
Es
|P,−〉
= |s, ↓〉 − Vz
Es
|pz, ↓〉+ Vzλ√
2Es∆
|p−, ↑〉. (A·10)
These spin and orbitally coupled states are used for the
derivation of an intersite electron hopping-type Hamil-
tonian. For simplicity, we assume that two sites (labeled
1 and 2) are aligned in the x direction. The position of
site 1 (2) is on the left (right) side. When the electron
creation and annihilation at the ith site (i = 1, 2) are
represented by c†i,µ,σ and ci,µ,σ, respectively, for the µ
(= s, p+, p−) orbitals with spin σ, the intersite orbital
mixing is described by
Hmix = −tss
∑
σ
c†1,s,σc2,s,σ
− tsp(−c†1,s,↑c2,p−↑ + c†1,p−,↑c2,s,↑)
− tsp(c†1,s,↓c2,p+↓ − c†1,p+,↓c2,s,↓) + h.c., (A·11)
where tss (tsp) is the transition matrix element between
the two-site s-orbitals (between the s-orbital on one site
and the px-orbital on the other). We have discarded the
p-p electron-hopping term since its contribution is con-
sidered to be much smaller than those of the s-s and s-p
terms. The phase difference pi arises in the s → px and
px → s transfers between site 1 and site 2 owing to the
odd parity of the p-orbital. On the basis of Eq. (A·11),
we calculate the matrix elements of the overlap integrals
〈i, S,±|j, S,±〉 and 〈i, S,±|j, S,∓〉 (i, j = 1, 2 are the
site indices and i 6= j) in Eq. (A·10). Replacing the nota-
tions {+,−} by {↑, ↓} respectively, we finally obtain the
electron-hopping Hamiltonian
Hss = −tss
∑
σ
(c†1,S,σc2,S,σ + h.c.) (A·12)
between same-parity orbitals (s-orbitals) and the local
ASO interaction Hamiltonian
Hsp = γtss(c
†
1,S,↑c2,S,↓ − c†1,S,↓c2,S,↑) + h.c. (A·13)
for different-orbital-parity mixing (s-p orbital mixing),
where the ASO coupling constant is given by
γ =
√
2
tsp
tss
Vz
Es
λ
∆
(A·14)
in the unit of tss. As a consequence, in terms of the s-
dominant orbital basis, the s-px electron transfer is trans-
formed to the ASO interaction. Equation (1) is obtained
by the substitutions γtss → λA and c†i,S,σ (ci,S,σ) → d†iσ
(diσ) in Eq. (A·13).
Appendix B: Three-Site Hubbard Model for
TTQD
Here, we consider the half-filled case of the triangular
spin cluster for the strong-U limit using the following
three-site Hubbard model Hamiltonian:
Htrimer = HU +Ht
= U
∑
i
ni↑ni↓ − t
∑
σ
∑
i6=j
d†iσdjσ , (B·1)
where i and j (= a, b, c) denote the three identical sites
with the same electron-hopping matrix element t in Ht.
To obtain the lowest-energy states of Htrimer, we start
from the t = 0 case, and next treat a finite-t effect as a
perturbation. Owing to the onsite Coulomb interaction
term HU , a single electron is occupied at each site for
the lowest-energy states. One of the lowest Sz = ±1/2
states with S = 1/2 is given by
|φE+σ,1 〉 =
1√
2
d†a,σ(d
†
b,σd
†
c,−σ − d†b,−σd†c,σ)|0〉, (B·2)
where E+ represents an even-parity representation of
the degenerate orbitals with the C3 symmetry
72) and
the subscript σ of |φE+σ,1 〉 represents Sz. On the right-
hand side, −σ (=↓, ↑) is the time-reversal component of
σ (=↑, ↓), respectively. In the same manner, the other
orbitally degenerate Sz = ±1/2 state with an odd parity
E− is written as
|φE−σ,1 〉 =
1√
6
[2d†a,−σd
†
b,σd
†
c,σ
− da,σ(d†b,σd†c,−σ + d†b,−σd†c,σ)]|0〉. (B·3)
In addition, the S = 3/2 states
|φA−3/2〉 = d†a↑d†b↑d†c↑|0〉, |φ
A−
−3/2〉 = d†a↓d†b↓d†c↓|0〉,
|φA−σ 〉 =
1√
3
(d†a,σd
†
b,σd
†
c,−σ + d
†
a,σd
†
b,−σd
†
c,σ
+ d†a,−σd
†
b,σd
†
c,σ)|0〉 (B·4)
are categorized into a one-dimensional representationA−
with an odd party. We note that the E+ (E−, A−) wave
function is even (odd) with respect to the interchange of
the site indices b↔ c.
Through the intersite electron hopping, |φE+σ,1 〉 is cou-
pled to the doubly occupied states with an excitation
energy of U as

|φE+σ,2 〉 =
1√
2
d†a,σ(d
†
b,σd
†
b,−σ + d
†
c,σd
†
c,−σ)|0〉,
|φE+σ,3 〉 =
1√
2
d†a,σd
†
a,−σ(d
†
b,σ + d
†
c,σ)|0〉,
|φE+σ,4 〉 =
1√
2
(d†b,σd
†
b,−σd
†
c,σ + d
†
b,σd
†
c,σd
†
c,−σ)|0〉.
(B·5)
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In the same manner, |φE−σ,1 〉 is coupled to

|φE−σ,2 〉 =
1√
2
d†a,σ(d
†
b,σd
†
b,−σ − d†c,σd†c,−σ)|0〉,
|φE−σ,3 〉 =
1√
2
d†a,σd
†
a,−σ(d
†
b,σ − d†c,σ)|0〉,
|φE−σ,4 〉 =
1√
2
(−d†b,σd†b,−σd†c,σ + d†b,σd†c,σd†c,−σ)|0〉.
(B·6)
The 4× 4 matrix form of 〈φE+σ,i |Ht|φE+σ,j 〉 (i, j = 1, 2, 3, 4)
is obtained as
t


0 −2 1 1
−2 0 1 −1
1 1 −1 0
1 −1 0 1

 , (B·7)
and for the E− states, the Ht matrix is given by
t


0 0 −√3 −√3
0 0 1 1
−√3 1 1 0
−√3 1 0 −1

 . (B·8)
Let us apply the perturbation of Ht to the unperturbed
states |φE+σ,1 〉 and |φE−σ,1 〉 of HU . Up to the second order
of t¯ (≡ t/U), it leads to the following lowest-lying states
with the fourfold degeneracy (E± and σ =↑, ↓):59)
|ψE+σ 〉 = (1− 3t¯2)|φE+σ,1 〉+ 2t¯|φE+σ,2 〉
+ (−t¯− 3t¯2)|φE+σ,3 〉+ (−t¯+ 3t¯2)|φE+σ,4 〉,
|ψE−σ 〉 = (1 − 3t¯2)|φE−σ,1 〉 − 2
√
3t¯2|φE−σ,2 〉
+
√
3(t¯− t¯2)|φE−σ,3 〉+
√
3(t¯+ t¯2)|φE−σ,4 〉, (B·9)
with an energy of −6t2/U .
In Eq. (13), the ASO interaction is introduced in one of
the three bonds, i.e., the b-c bond in the triangle cluster,
and the corresponding Hamiltonian is given by replacing
(1, 2) with (b, c) in Eq. (1). Since the a-site orbital has an
even parity (τz = +1), the spin-up (d
†
a,↑) and spin-down
(d†a,↓) electron states are categorized into τzσz = +1 and
τzσz = −1, respectively. Here, we choose the half-filled
states of the ηz = −1 type |ψE+↑ 〉, |ψE−↓ 〉, |φA−3/2〉, and
|φA−↓ 〉: the corresponding Sz values of the total spins are
1/2, −1/2, 3/2, and −1/2, respectively. These four states
are coupled to each other through Hso(b, c) as
〈ψE−↓ |Hso(b, c)|ψE+↑ 〉 = −
1√
3
ξ,
〈φA−3/2|Hso(b, c)|ψ
E+
↑ 〉 = −
1√
2
ξ,
〈φA−↓ |Hso(b, c)|ψE+↑ 〉 = −
1√
6
ξ, (B·10)
where ξ = 4γt¯t and higher-order terms of t¯ are neglected.
Here, we show an analogy with the vector spin chirality
in the two-site case described in Sect. 2. Let us assume
that |ψE+↑ 〉 has the lowest energy and the other three
excited states are almost degenerate, keeping in mind
that the E+ state is stabilized by the Kondo effect in the
TTQD. For |ψE+↑ 〉, the perturbation of Hso in Eq. (B·10)
gives the lowest-lying state as
α
∣∣∣ψE+↑
〉
+ β
(
1√
3
∣∣∣ψE−↓
〉
+
1√
2
∣∣∣φA−3/2
〉
+
1√
6
∣∣∣φA−↓
〉)
≃ 1√
2
d†a↑
[
α(d†b↑d
†
c↓ − d†b↓d†c↑)
+β(d†b↑d
†
c↑ + d
†
b↓d
†
c↓)
]
|0〉, (B·11)
where α and β are real coefficients that satisfy α2+β2 =
1. The ratio of the matrix elements in Eq. (B·10) is
directly reflected in the coefficients of |ψE−↓ 〉, |φA−3/2〉,
and |φA−↓ 〉. One can find that the vector spin chirality
(Sb × Sc)y is induced by the mixing of the b-c singlet
and triplet states in Eq. (B·11), corresponding to |φS〉
and −i|φTy 〉, respectively, in Eq. (12) in the two-site case.
Appendix C: E± Parity Mixing by Magnetic
Flux through TTQD
As well as the ASO interaction, a magnetic flux ef-
fect causes the E± orbital-parity mixing between |φE+σ,i 〉
and |φE−σ,j 〉 given in Appendix B.43) In this case, the total
spin S is conserved. For the equilateral triangle with C3
symmetry, the electron hopping matrix element of Ht in
Eq. (B·1) is modulated by the magnetic flux Φ penetrat-
ing through the triangular loop as
Ht,Φ = −
∑
σ
∑
i6=j
teiϕijd†iσdjσ, (C·1)
where ϕab = ϕbc = ϕca = ϕ/3 (ϕij = −ϕji) and the
phase ϕ = 2piΦ/Φ0 is defined by the magnetic flux quan-
tum Φ0 = hc/e (h: Planck constant, c: speed of light
in vacuum, e: elementary charge). The matrix elements
of 〈φE+σ,i |Ht,Φ|φE+σ,j 〉 and 〈φE−σ,i |Ht,Φ|φE−σ,j 〉 (i, j = 1, 2, 3, 4)
are given by replacing t with t cos(ϕ/3) in Eqs. (B·7) and
(B·8), respectively. For the E± mixing, the 4× 4 matrix
form of 〈φE+σ,i |Ht,Φ|φE−σ,j 〉 is obtained as
−it sin ϕ
3


0 −2 −1 1
0 0 1 1
−√3 −1 −1 0√
3 1 0 −1

 , (C·2)
and the E± orbital degeneracy is lifted. For a small |Φ|,
the off-diagonal matrix element of Ht,Φ is given by
〈ψE+σ |Ht,Φ|ψE−σ 〉 ≃ −i6
√
3t¯2tϕ (C·3)
on the basis of Eq. (B·9). Thus, the orbital effect of the
magnetic field leads to the lowest-energy eigenstates as
|ψE+σ 〉 ± i|ψE−σ 〉 for the three-site Hubbard model.
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